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ABSTRACT 
More and more industrial applications are using shape 
memory alloys (SMA) for their specific properties. This is 
particularly true for endodontic instruments used to 
devitalize decayed teeth. Historically, superelasticity 
property of niti alloy was used at room temperature for this 
application. Most recently, new concept of endodontic 
instruments at martensitic state are developed. However, 
their use sometimes results in fatigue failure at low 
number of cycles (LCF) due to rotational bending loading. 
The objectives of this work are to study and predict the 
low cycle fatigue lifetime of endodontic instruments made 
of NiTi shape memory alloys for both austenitic and 
martensitic state. Lifetime of structural components is 
often controlled by notches and stress concentrations 
where non-linear behaviour of material can be developed. 
Non-linear finite element analysis (FEA) is often used to 
calculate local response of the material, which can still be 
prohibitive for lifetime prediction. Consequently, there is a 
need for fast estimation methods to predict non-linear 
behaviour at stress concentrations. Neuber [Neuber, 1961] 
was the first author to propose a plastic uniaxial correction 
method to deduce elastic-plastic stress and strain state 
from an elastic solution. Many simplified method (SM) are 
available in the literature based on heuristic approach i.e. 
[Hoffmann, 1985], [Moftakhar, 1995]. However, all these 
propositions suffer some limitations; they are often limited 
to given geometries and can’t deal with both plane stress 
and plane strain conditions. More recently, a completely 
new approach has been proposed based on 
homogeneization techniques [Herbland, 2009], [Darlet, 
2015]. The general formulation of this method allows the 
possibility to address non-proportional loading sequences 
for any material model [Chouman, 2014]. This new 
approach is apply to calculate the stress and the strain 
tensor at the critical point for different structure under 
multiaxial cyclic loading. Results obtained by simplified 
methods (SM) are then compared with non-linear finite 
element analysis (FEA). 
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INTRODUCTION 

The aim of the project is to propose a numerical procedure 
to predict LCF fatigue lifetime of endodontic instruments 
made of niti alloy. Classically, stabilized stress and strain 
response at the critical point it’s performed. Then, these 
results are used as input data for the multiaxial fatigue 

criterion. In this study a new approach based on inclusion 
theory is used to approximate the stress and strain tensor at 
the critical point of the structure. 

SIMPLIFIED METHODS 

Stress concentrations in notch structure are critical point 
regarding the fatigue lifetime. Recently, Herbland has 
proposed a new approach based on localization techniques. 
In fact, Herbland realizes an analogy between confined 
nonlinear behavior at the notch tip can be seen as an 
inclusion in an infinite matrix like Eshelby’s problem. In 
the case of an infinite elastic matrix, Eshelby’s solution 
combined with Kroner’s model for polycristals links the 
stress in the inclusion ��� and ��� in the matrix. Herbland’s 
simplified method based on localisation approach is: ��� = ��	 − �� ∶  ���	        (1) 
 
Where the superscript M denotes matrix quantities and the 
superscript I imply inclusion quantities. The fourth order 
tensor �� depends on the elastic properties of the material 
and the geometry of the inclusion. Parameter L� is 
calibrated through monotonic FEA simulations (linear and 

non-linear). An elastic simulation is performed to get ��	 
at notch tip. This elastic simulation is post-processed to 
estimate the stress and strain fields at notch tip using eq (1) 
and the constitutive equations of the material. Reference 
values and notch correction values for �� and �̃ are then 
compared in an optimization loop to obtain the optimal 
values for the Localization operator ��. Then, Herbland’s 
simplified method can be apply on the same geometry and 
for the same material to approximate the strain ���	 and the 
stress tensor ��	 at the critical point for any complex cyclic 
loading. This localization approach can be used to 
calculate local quantity instead of costly non-linear FEA 
analysis of the whole problem. 
 
Fatigue cracks often initiate at free surfaces especially at 
stress concentration due to process defects or notches. 
Considering this observation, Darlet in 2014 used the 
localization approach to propose a new simplified method 
adapted to free surfaces problem. In fact Darlet used the 
localisation laws to the case of hemispherical inclusions at 
surfaces [Sauzay, 2000]. Indeed Darlet’s simplified 
method can be written as Eq. (1) due to localization 
formalism. Difference of Darlet’s approach is the 
identification procedure of the localisation operator based 
on hemispherical inclusion. Localisation operator for 
Darlet simplified method is (modified Voigt notation): 
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Where G is the shear modulus, defined as: 
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� represent the localisation parameter of elasto-plastic 
inclusion in an elastic matrix as proposed by Eshelby: 
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Z value was evaluated equal to 1.79 by Deperrois which 
represent stress principal ratio in the center of 
hemispherical inclusion and Darlet demonstrated: 
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Where a is identified with monotonic elastic FEA:  
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Then b is identified like a parameter but with monotonic 
elastic FEA with Poisson’s ratio . / 0.5. 

APPLICATION 

In order to assess the accuracy of these two SM, we apply 
this approach in order to calculate the stress and the strain 
tensor at the critical point I on cylindrical specimen under 
tension and torsion loading (Figure 1). 

  

Figure 1: Geometry and dimensions of the cylindrical 
specimen subjected to tension and torsion loading. 

 

Both Herbland and Darlet localization operator were 
identified. A pseudoplastic cyclic model is adopted to 
represent martensitic evolution of this material. Return 
mapping algorithm is used to solve this SM. Then fast 
prediction of the local stress and strain can be obtained 50 
times faster than FEA (Figures 2 and 3). 

 

Figure 2: Local cyclic evolution direction 3�. 

 

Figure 3: Local cyclic evolution direction 33 
 ��. 

 

CONCLUSION 

Fast numerical method based on localization‘s model is 
proposed in order to calculate the stress and the strain 
tensor in notch structure under complex multiaxial cyclic 
loading. Local prediction can be used as input data in 
fatigue criterion in order to calculate fatigue lifetime of 
SMA’s notch structure. 
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